Introduction
Next-generation lithium batteries with high energy densities are desired for applications such as electric vehicles and personal electronics.
The implementation of these batteries hinges upon the development of novel electrolyte materials with both stability against the lithium metal anode and excellent transport properties. The efficacy of newly-developed electrolytes is usually established in symmetric lithium-electrolyte-lithium cells. In a typical experiment, the cell is polarized in one direction using a constant dc current for a predetermined amount of time, and then the polarization direction is switched. Numerous researchers have reported cycling data from such experiments using potential versus time plots, with an emphasis on the total number of cycles that could be sustained before failure. [1] [2] [3] [4] [5] [6] Little attention has been paid to the time-dependence of the cycling profile and the steady-state potential attained at a given current density. While the necessary equations for predicting the cycling behavior of symmetric cells are well established in the concentrated solution theory of Newman, 7, 8 we are not aware of any comparisons of these predictions with experimental data.
Most of the comparisons between the Newman approach and experimental data focus on cells with porous electrodes and require adjustable parameters or simplifying assumptions. [9] [10] [11] [12] [13] Polymer electrolytes have been identified as promising candidates for lithium metal batteries. [14] [15] [16] [17] They are also convenient model systems for measurement of transport coefficients. Ion transport in electrolytes is governed by three transport coefficients: conductivity, σ, the salt diffusion coefficient, D, and the transference number, t + . 7 In addition, modeling these systems requires knowledge of the thermodynamic factor, (1+dln ± /dlnm), which quantifies the change in the mean molal activity coefficient of the salt,  ± , with the molality, m, of the solution. We note in passing that measuring these four parameters in conventional liquid electrolytes is complicated due to convection; [18] [19] [20] convection is suppressed in polymers due to high viscosity. Although both cells in Figure 1 were cycled at the same current density of i ss = ± 0.02 mA/cm 2 , the cell containing an electrolyte with a lower salt concentration (r av = 0.02) reaches a much lower potential at steady-state compared to the cell with the higher concentration electrolyte (r av = 0.14).
The concentration-dependence of σ, D, t + , and (1+dln ± /dlnm) of this PEO/LiTFSI electrolyte have been previously reported. 21, 22 At r av = 0.02, the ionic conductivity is σ = 7.5 × 10 -4 S/cm, while at r av = 0.14 it is σ = 9.9 × 10 Our objective is to compare cycling data of the type presented in Figure 1 with theoretical predictions based on concentrated solution theory.
Our theory enables calculation of both potential gradients and salt concentration profiles in an electrolyte at steady-state with no adjustable parameters. It also addresses the time-dependence and steady-state value of potential as a function of applied current. 
Theory
We use concentrated solution theory 7 to model a cell containing a binary electrolyte wherein the cation is produced at the anode and consumed at the cathode in response to an applied potential, and both the anion and solvent do not participate in the redox reactions. The current is applied in the x-direction across a symmetric cell containing a salt ¿ ¿ with electrodes of pure metal M. The applied current creates gradients in the salt concentration and the potential across the electrolyte. The reference electrode used to measure the potential at any position in the electrolyte follows the reaction
The anode is located at x = 0 and the cathode at x = L, where L is the thickness of the electrolyte. We take the potential at the cathode to be zero, and surface overpotentials are taken to be zero at both electrodes.
Steady-State Model
The relationship between the anion flux, N -, and the current density, i, is given by
where D is the diffusion coefficient of the salt based on a thermodynamic driving force, µ e is the chemical potential of the electrolyte, t -is the anion transference number (t -= 1 -t + ), and F is At steady-state, the net flux of the anion is zero at all values of x. In this case, eq. 2 reduces to the following expression in terms of i ss , the steady-state current.
The chemical potential of the electrolyte is defined in terms of the molality of the solution,
where µ e 0 is the chemical potential of the reference state and γ ± is the mean molal activity coefficient of the electrolyte. Combining eq. 3 and 4, we get
The salt diffusion coefficient D measured in a restricted diffusion experiment is based on the relaxation of a concentration gradient and is related to D by
In this work, we prefer to describe salt concentration in terms of r, the molar ratio of lithium ions to ether oxygens in the system. Given that r = convert from m to r in these equations. Combining eq. 5 and 6 and performing this conversion, we get
Collecting the r-dependent terms and integrating over them gives an implicit expression for the concentration profile, r(x), for a given r(x=0) and i ss L.
In an experiment one controls the average concentration of the electrolyte, The potential gradient d/dx in the cell can be determined for a given current density using the relationship
where σ is the conductivity of the electrolyte and t + is the cation transference number. Since the electrolyte is electrically neutral,  e depends only on local concentration, and is independent of . Charge balance implies that z + = n. Eq. 9 applies to both steady-state wherein both terms on state, d/dx will be constant. Thus, the initial current density, i 0 , at t = 0 is related to the initial potential,    by
The relationship between the current density and potential at steady-state is given by combining eq. 3, 6, and 9,
where Ne is given by
The parameter Ne can be measured by a steady-state current experiment and is related to the quantity i ss /i 0 , often referred to as the steady-state current transference number, t +,SS .
Eq. 11 can be integrated to obtain the spatial dependence of potential,
where dr/dx determined above is used. Thus, prediction of  ss across an electrolyte using eq. 14 requires knowledge of the concentrationdependence of three independent transport properties, σ, D, and t -, in addition to t +,ss and c.
Transient Model
For unsteady-state problems, it is customary to start with eq. 12.14 from reference 7 which describes the mass transport of the salt in the 
with boundary conditions
Equation 15 can be solved numerically to obtain transient concentration profiles, c(x,t), across an electrolyte.
In order to obtain transient potential profiles, Φ(x,t), across an electrolyte, we use the relationship between i ss and Φ given by a modified
Ohm's law that includes the overpotential due to concentration gradients in the electrolyte.
Equation 18 is solved numerically with Butler-Volmer kinetics used to account for the charge-transfer reaction at the electrode boundaries. 
Here, i e is the exchange current density, and α a and α c are the anodic and cathodic transfer coefficients, respectively. The electrode potential at x = 0 is Φ 1 . The parameters used in our unsteady-state model are: α a = α c = 0.5,
, based on previous work on a closely related system. 24 Under these conditions, the difference between the electrode potential and that in the electrolyte at x = L are negligible.
At steady-state dc/dt = 0, and eq. 15 simplifies to
The constant K is determined using the condition dc/dx = 0 when t + = 1. This gives
Collecting the concentration-dependent terms and integrating gives
Eq. 23 is formally equivalent to eq. 8 due to the interrelations between c, r, 
Methods

Experiment -Cell Preparation and Cycling
All sample preparation was performed inside an argon glovebox All samples were annealed at 90°C for 4 hours prior to electrochemical characterization.
Cycling was performed using a Biologic VMP3 potentiostat, and the cells were maintained at 90°C using a home-built heating stage. Cells were polarized at a low current density of i ss = 0.02 mA/cm 2 , and the potential, MHz to 100 mHz at an amplitude of 80 mV. The data were analyzed in the form of a Nyquist plot and fit to an equivalent electrical circuit suitable for a symmetric cell with nonblocking electrodes to obtain R i , the interfacial resistance of the cell, as described in previous publications. 21, 25 The value of R i taken immediately subsequent to a given charge/discharge measurement is used to correct Φ measured for the potential drop across the interface according to eq. 26. , and the anodic and cathodic transfer coefficients, α a and α c , are both taken to be 0.5, based on a previous report using similar materials. 24 To solve these equations, it is necessary to fit each transport property and the thermodynamic factor as continuous functions of salt concentration.
The thermodynamic factor used in these equations is (1+dlnf ± /dlnc), which quantifies the change in the mean molar activity of the salt, f ± , with the molarity, c, of the solution; this parameter is different from (1+dln ± /dlnm), which is based on the molality of the solution. The polynomial expression used for fitting and the results thus obtained are given in Table 1 . 
Results and Discussion
In order to model concentration or potential profiles in an electrolyte, measurements of transport properties (conductivity, σ, salt diffusion coefficient, D, cation transference number, t + ) and the thermodynamic factor, (1+dln ± /dlnm), must be obtained over a wide range of salt concentrations.
7 Table 2 shows the transport properties of an electrolyte composed of 5 kg/mol PEO mixed with LiTFSI salt. These measurements have been thoroughly discussed in recent reports from our group. 21, 22 Here, salt concentration is defined in two ways: r is the molar ratio of lithium ions to ether oxygens in the system, r
, and c is the molarity of the solution. We have added the steady-state transference number, t +,ss , defined by eq. 13 in Table 2 as it convenient for the calculations given below. To calculate concentration gradients in any system using eq. 8, the transport properties of the electrolyte must be fit as a continuous function of salt concentration. Based on the data in Table 2 , we calculate the parameter The concentration profile in a symmetric cell under steady-state operation is governed by the initial salt concentration of the electrolyte which we call r av , the steady-state current density, i ss , and the thickness of the electrolyte, L. Before the cell is polarized, the salt concentration at all locations is r av . At steady-state, the salt concentration profile is governed by The limiting current density is an important characteristic of an electrolyte, as it defines the maximum current that can be drawn from a cell during operation. Traditionally, equations used to describe this characteristic are based on the assumption of transport properties that are independent of salt concentration. for this, we subtract the potential drop due to interfacial impedance,
where R i is the interfacial resistance obtained from ac impedance and A is the area of the cell. The time-dependent potential curves were obtained after the interfacial impedance had reached a steady value; thus, the product R i i ss A is taken to be constant at all values of t. For the case of the experimental data, we normalize Φ by the measured thicknesses of the cells, which are in the vicinity of 500 µm. In our comparisons below, all measured potentials are presented after correcting for interfacial impedance and normalizing by thickness (Φ/L). Figure 7b shows the data from Figure 7a with this correction applied.
The relevant metric for direct comparison between the experimental data in Figure 7b and the model based on eq. 14 is the potential obtained at Table 1 We return to the time-dependent cycling curves shown in Figure 1 . The complete data sets for r av = 0.02 and r av = 0.14 are shown in Figure 9 . The solid yellow and blue curves in Figure 9 show averaged potential versus time data from r av = 0.02 and r av = 0.14, respectively, and the shaded regions 
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We use these data as inputs for our model to predict 
